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Problem 2.58

In a monovalent metal, one electron per atom is free to roam throughout the object. What holds
such a material together—why doesn’t it simply fall apart into a pile of individual atoms?
Evidently the energy of the composite structure must be less than the energy of the isolated
atoms. This problem offers a crude but illuminating explanation for the cohesiveness of metals.

(a) Estimate the energy of N isolated atoms, by treating each one as an electron in the ground
state of an infinite square well of width a (Figure 2.23(a)).

(b) When these atoms come together to form a metal, we get N electrons in a much larger
infinite square well of width Na (Figure 2.23(b)). Because of the Pauli exclusion principle
(which we will discuss in Chapter 5) there can only be one electron (two, if you include spin,
but let’s ignore that) in each allowed state. What is the lowest energy for this system
(Figure 2.23(b))?

UL

(b)

Figure 2.23: (a) N electrons in individual wells of width a. (b) N electrons in a single well of width
Na.

(c) The difference of these two energies is the cohesive energy of the metal—the energy it
would take to tear it apart into isolated atoms. Find the cohesive energy per atom, in the
limit of large N.

(d) A typical atomic separation in a metal is a few Angstrom (say, a ~ 4 A). What is the
numerical value of the cohesive energy per atom, in this model? (Measured values are in the
range of 24 eV.)

Solution

Part (a)

The energy of an electron in the ground state is
2h2
El = Lv
2mea?

so if there are IV isolated wells, the total energy is
Nm2h?

NFE = ——.
! 2me.a?
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Part (b)

The lowest energy occurs when the IV electrons occupy the bottom IV states of the infinite square
well.

_ 12x?pR? N 2272 p? N +(N—1)2772h2+ N272h?
~ 2me(Na)? * 2m.(Na)? 2me(Na)? 2me(Na)?

L e
- 9% (Na)2
— 2m.(Na)

N
= n
2m.N2a?
n=1

m2h?  N(N+1)(2N +1)

- 2m.N2a2 6
~ mR? (N +1)(2N +1)
 2mea? 6N

Part (c)

The cohesive energy is the difference in energies when the atoms are together versus when they’re
apart.

CE=NE, - E
_ N#?h? 7wh? (N +1)(2N +1)
© 2mea?  2mea? 6N
. mR? ‘N (N +1)(2N +1)
© 2mea? | 6N

_ 7w?h* [6N?—2N? - N —2N —1
T 2mea? | 6N

_ w?h? [AN? —3N —1
© 2mea? | 6N

Since there are N atoms, the cohesive energy per atom is

CE _ n%h* [4N*-3N -1
N 2m.a? 6N2 '

Take the limit as N — oo.

lim — = lim 5
N—oo N N—o0 2mea

m2h2 [4N2 -3N -1 w2h2 4 m2h2
6N2 6

2mea? 3mea?
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Part (d)

h~1.05x10734J s

me ~9.11 x 1073 kg
a~4A=4%x10""m
7~ 3.14

Plug these numbers into the formula for the cohesive energy per atom in the limit of large N.

CE  n2R2 16V
m o = T 049 x107 0 fx — 1566V
NN T 3moa? % IX 10197 ¢

Using 2.5 A < a < 3.5 A instead results in the 2-4 eV range.

www.stemjock.com



